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Lubricant-infused surfaces in an outer liquid flow generally reduce viscous drag. However, owing
to the meniscus deformation, the infused state could collapse. Here we discuss the transition
between infused and collapsed states of transverse shallow grooves, considering the capillary
number, liquid/lubricant viscosity ratio and aspect ratio of the groove as parameters for inducing
this transition. It is found that depending on the depth of the grooves, two different scenarios
occur. A collapse of lubricant-infused surfaces could happen due to a depinning of the meniscus
from the front groove edge. However, for very shallow textures, the meniscus contacts the bottom
wall before such a depinning could occur. Our interpretation could help avoiding this generally
detrimental effect in various applications.
1. Introduction
Slippery lubricant-infused surfaces have received much attention in recent years since they
provide a drag reduction and flowmanipulation in microfluidic devices (Wong et al. 2011; Nizkaya et al.
2014; Solomon et al. 2014; Keiser et al. 2017). The lubricant could be a gas trapped by super-
hydrophobic (SH) textures or another liquid, such as oil. SH surfaces show very large effective
slip length (Ybert et al. 2007; Vinogradova & Belyaev 2011), which makes them attractive for
use in microfluidic applications (Vinogradova & Dubov 2012). Liquid-infused (LI) surfaces are
less slippery (Asmolov et al. 2018), but are commonly considered to be potentially more stable
and robust against pressure-induced failure compared to SH surfaces, which makes them useful in
various applications, including anti-biofouling (Epstein et al. 2012) and ice-phobicity (Kim et al.
2012). Implementation of LI surfaces often requires a thorough understanding of the dynamics of
a lubricant within a patterned substrate that is exposed to external hydrodynamic flow. This fun-
damental problem also applies to a variety of similar situations, including the stability of small
bubbles or droplets, trapped by slightly rough or heterogeneous surfaces (Vinogradova et al.
1995; Borkent et al. 2007).
The influence of a curved meniscus on the slipping properties of SH texture has been exten-
sively studied analytically (Sbragaglia & Prosperetti 2007), numerically (Teo & Khoo 2010) and
in experiments (Karatay et al. 2013; Xue et al. 2015). In all these studies protrusion or inflection
of the meniscus has been achieved by changing the hydrostatic pressure in gas, but the flow-
induced dynamic deformations of the meniscus has been neglected. Deformation of liquid/gas
interface by the flow has been studied only for strongly protruding bubbles (Gao & Feng 2009;
Hyva¨luoma & Harting 2008). In particular, simulation studies (Hyva¨luoma & Harting 2008) have
shown that at large capillary numbers pinned surface bubbles are deformed by an external vis-
cous flow, which dramatically alters the slip length of the SH texture, but no attempt has been
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made to address the issue of their stability. We are also unaware of any study of the dynamic
deformation of an initially flat meniscus.
Existing theories describing a stability of lubricant-infused state mostly include the configura-
tions of static wetting drops at the SH surface. Several static criteria have been suggested (Cottin-Bizonne et al.
2004; Bico et al. 2002), and later extended to a more complex, metastable situations (Reyssat et al.
2007; Dubov et al. 2015). The body of theoretical and experimental work investigating the sta-
bility of SH and LI surfaces in external flows is rather scarce, although there exists some recent
literature in the area. Wexler et al. (2015); Liu et al. (2016) have considered an outer shear flow
aligned with the direction of extended closed grooves, where a reverse pressure gradient in a
lubricant is generated. As a result, a curvature of the static meniscus is largest near the channel
inlet, and the failure of deep LI grooves occurs when the dynamic contact angle becomes large,
while that of shallow grooves - when the meniscus contacts the groove bottom. The collapse of
partially filled deep SH and LI grooves induced by an external transverse shear has been studied
numerically by Ge et al. (2018). These authors concluded that the induced by such a flow menis-
cus deformation decreases with the lubricant/outer liquid viscosity ratio and that the collapse of
lubricant-infused grooves is possible only when this ratio is smaller than unity.
In this paper we present some results of a study of the possible collapse of shallow lubricant-
infused grooves driven by an external transverse shear flow. Our model, which is different from
configurations explored before, assumes that the meniscus is initially flat and pinned at the groove
edges, and that grooves are unbounded in the longitudinal direction. To solve a two-phase prob-
lem we couple a general solution of Stokes problem for an outer flow and a lubrication approach
for flow in a groove. Note that similar strategy has previously been successfully employed for
investigating flows over flat SH textures (Maynes et al. 2007; Nizkaya et al. 2013) and of evapo-
rating thin film (Doumenc & Guerrier 2013). We shall see that flow, induced in a lubricant layer,
strongly depends on its local thickness, which is in turn controlled by a local pressure gradient,
and that the stationary shape of a deformed meniscus becomes roughly antisymmetric (concave-
convex). The meniscus depinning from the front groove edge occurs when the advancing contact
angle for an outer liquid is reached at some critical capillary number. However, very shallow
lubricant-infused textures collapse when the deformed meniscus contacts the groove bottom.
One of important differences between our results and prior work, that employed different mod-
els, is that the lubricant-infused surface becomes more stable when the lubricant/liquid viscosity
ratio is smaller. Therefore, contrary to a common belief for some geometries SH surfaces could
be more robust than LI ones.
The paper is arranged as follows. In Sec. 2 we describe the model of a lubricant-infused shal-
low groove and derive asymptotic equations for a two-phase flow problem. Sec. 3 contains results
of our numerical calculations. We conclude in Sec. 4. The calculation details of the meniscus
shape and of the effective slip length are given in Appendix A, and we justify the use of the
lubrication approximation for an inner flow in Appendix B.
2. Asymptotic theory
2.1. Model
We consider a linear shear flow of an outer liquid of viscosity µ∗ over a shallow rectangular
groove of width δ and depth e≪ δ (see Fig.1(a)), filled with a lubricant of viscosity µ l∗ (here-
after the asterisk denotes dimensional variables). The y∗-axis is aligned with the shear direction,
while the z∗-axis is defined normal to the wall, and the dimensionless coordinates are introduced
as y = y∗/δ and z = z∗/δ . We assume that the groove aspect ratio is small, ε = e/δ ≪ 1, and
that at rest the static liquid/lubricant interface is flat and located at z= 0, i.e. there is no pressure
difference across the meniscus that is pinned at the edges of the groove. When the meniscus is
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FIGURE 1. Sketches of (a) an outer shear flow past a shallow lubricant-infused groove of width δ and depth
e, and of (b) liquid/lubricant interface εη(y) in dimensionless coordinates. The concave liquid/lubricant
interface meets the front groove edge with an angle θ defined relative to a vertical.
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FIGURE 2. Pinning of a contact line on a rectangular groove edge. The liquid meets the solid with a contact
angle Θ. Hence the contact angle at the groove edges can take any value (if the horizontal direction is
considered as the reference one) between Θ and Θ+pi/2, as illustrated by colored region confined between
dashed lines. The attainable contact angles at the edge, redefined relative to z-direction, are then confined
between Θ−pi/2 and Θ.
perturbed by an external flow, its slightly deformed shape sketched in Fig.1(b) can be described
by a function εη(y), where η =O(1). It is convenient to introduce the stationary angle θ ≥ pi/2
defined (relative to a vertical direction) at the point where the concave or flat meniscus meets
the groove edge (here the front one). Thanks to the lubricant volume conservation, the meniscus
deformation should be rather close to antisymmetric, so that the stationary angle at the opposite
grove edge (here the rear one) is about pi − θ . The observed angle θ cannot exceed a limiting
value known as an advancing angle, beyond which the contact line does depin from the groove
edge and move. Likewise, when pi−θ decreases down to a limiting value of the receding angle,
the contact line should suddenly shift laterally.
If we consider a chemically homogeneous (ideal) surface, the bounds of attainable values of θ
are determined univocally by a liquid contact angle Θ (above pi/2 to provide a lubricant-infused
state) on a planar horizontal surface (see Fig.2). Its value can, of course, always be adjusted by a
suitable modification of the solid surface (Grate et al. 2012; Dubov et al. 2015; Jung & Bhushan
2009), but note that on the most solids Θ never exceeds 2pi/3 or 120◦ (Wexler et al. 2015;
Yakubov et al. 2000; Jung & Bhushan 2009). FollowingQuere (2008); Herminghaus et al. (2008);
Dubov et al. (2018) one can argue that the contact angle of a liquid at the groove edges can be
any between Θ (receding) and Θ+pi/2 (advancing) as illustrated in Fig.2 by the colored regions
that are symmetric relative to a midplane of the groove. The attainable contact angles redefined
relative to z-direction are then confined between Θ−pi/2 (receding) and Θ (advancing). We re-
mark and stress, however, that the bounds of attainable angles are asymmetric relative to z = 0
except the case of Θ = 3pi/4 (or 135◦). Of the two possible unstable angles, the one is normally
attained faster and overshadows the other. Since for our surfaces Θ is smaller than 3pi/4, one can
argue that the depinning will occur on that edge of the groove, where the meniscus is concave,
and when θ will reach the value of Θ. For a meniscus shape sketched in Figs. 1 and 2 this would
be the front (left) edge, but of course such a shape is by no means obvious, and will be justified
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FIGURE 3. (a) Recirculation flow in a shallow groove. (b) Shear flow and a local slip length in outer fluid.
below by solving a hydrodynamic problem. As a side note we mention that the depinning would
occur simultaneously at front and rear (right) edges if Θ = 3pi/4, and for larger Θ - on a rear
edge, when θ ≃Θ−pi/2. Clearly, these estimates hold only for ideal surfaces and relatively low
speed. They would become approximate when speed is large enough, and dynamic angle would
deviate from Θ, or when surface is chemically heterogeneous. However, they provide us with
some guidance.
The dimensionless velocity and pressure are defined as u = u∗/(Gδ ) and p = p∗/(Gµ∗),
where G is an undisturbed shear rate. We stress, that near the groove the outer flow is modified
due to a slippage at the liquid/lubricant interface, and that the lubricant flow, induced by a reverse
pressure gradient, has zero flow rate in any cross-section (see Fig. 3 (a)). The flows in a lubricant
and an outer liquid are stationary and satisfy Stokes equations
∇ ·u = 0, ∆u−∇p= 0, (2.1)
∇ ·ul = 0, µ∆ul−∇pl = 0, (2.2)
where u = (0,v,w) and ul = (0,vl ,wl) are velocity fields in liquid and in lubricant, p, pl are
corresponding pressure distributions, and µ = µ l∗/µ∗ is the lubricant/liquid viscosity ratio. Far
from the lubricant-induced surface the liquid flow represents a linear shear flow, u|z→∞ = zey,
where ey is a unit vector along y−axis. We apply no-slip condition at solid boundaries, and at the
liquid/lubricant interface, εη(y), we use the conditions of impermeability
u ·n = ul ·n = 0, (2.3)
and of continuity of tangent velocity and tangent stresses,
u · τ = ul ·τ , (2.4)
τ ·σ ·n = τ ·σ l ·n, (2.5)
where τ and n are unit tangent and outward normal (to the meniscus) vectors, and the stress
tensors are σ = ∇u+(∇u)T −pI and σ l = µ
(
∇ul +(∇ul)T
)
−plI.
The condition for normal stresses at the interface can be derived using the Laplace equation,
n · (σ l−σ) ·n =
κ
Ca
, (2.6)
where Ca= µ∗Gδ/γ is the capillary number defined using an outer liquid viscosity and κ ≃ εη ′′
is the interface curvature (negative for the meniscus protruding into the outer liquid).
These equations should be supplemented by the condition of volume conservation in the lu-
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bricant phase and by pinning conditions at the edges of the groove,
1∫
0
η(y)dy= 0, η(0) = η(1) = 0. (2.7)
Equations (2.1)-(2.7) represent a closed system governing liquid and lubricant flows. They in-
volve three dimensionless parameters, i.e. the shallow groove aspect ratio ε , and lubricant/liquid
viscosity ratio µ , and the capillary number Ca. The two latter parameters could be any, but ε is
small, so that we could use it to construct asymptotic solutions for the meniscus shape, velocity
fields, and pressure.
Since ε is small, τ ≃ (0,1,ε∂yη) and n≃ (0,−ε∂yη ,1), and boundary conditions (2.3)-(2.5)
at a curved interface can be simplified to
w= wl = 0, v= vl = vη (y),
∂v
∂ z
= µ
∂vl
∂ z
, (2.8)
which define a coupling between a liquid and a lubricant. Here vη (y) is the tangent velocity of
both liquid and lubricant at the interface. From (2.6) we then obtain
σ lzz = σzz+
εη ′′
Ca
, (2.9)
which determines the meniscus shape, with normal stresses given by
σzz = 2∂zw− p, σ
l
zz = 2µ∂zw
l − pl. (2.10)
Note that the normal stresses include not only the pressure but also gradients of normal velocities
since unlike the no-slip case, the latter do not vanish at slippery surfaces.
2.2. Inner flow
The lubricant flow in the groove is generated by the interface velocity vη(y). For this inner
problem the boundary condition, Eq.(2.8), should be imposed at the curved meniscus z = η(y),
since its local deviation from the flat one, z = 0, is comparable to the depth of the groove, ε .
Since the local slopes of the meniscus are small, we apply the lubrication theory and consider a
locally parabolic velocity profile of zero flow rate:
vl ≃ vη (y)ζ (3ζ − 2) , w
l ≃ 0, (2.11)
where ζ = (z+ ε)/[ε(1+η)] varies from 0 at the bottom wall to 1 at the interface. Eqs.(2.11),
which are equivalent to derived by Nizkaya et al. (2013) for a flat meniscus, but varying local
thickness of the thin lubricant film, allow one to immediately calculate both the lubricant shear
rate at the interface
∂zv
l =
4vη
ε(1+η)
. (2.12)
and the transverse local slip length
b(y) =
vη
µ∂zvl
≃
ε
4µ
(1+η), (2.13)
where ε/µ = O(1). Eq.(2.13) implies that b(y) is proportional to a local thickness of the lu-
bricant layer and inversely proportional to µ , similarly to infinite systems (Vinogradova 1995;
Miksis & Davis 1994). We should also note that
ε
4µ
may be interpreted as a local transverse slip
length, b0, on a flat (undisturbed) liquid/lubricant interface (Nizkaya et al. 2013, 2014).
For SH grooves, pressure induced by flow changes in the inner gas is usually neglected since
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µ ≪ 1. However, µ takes on finite values for lubricant-infused surfaces, and the gradient of
pressure in closed shallow grooves could become very large, even when the lubricant viscosity
is small, µ ∼ ε . Using simple scaling arguments one can show that ∂yp
l ≃ µ
∂ 2vl
∂y2
∼ µε−2 ≫ 1.
Indeed, the corresponding to Eq.(2.11) pressure profile satisfies
∂yp
l ≃
6µvη (y)
ε2 (1+η)2
, ∂zp
l ≃ 0. (2.14)
Finally, using (2.14) and (2.2) one can estimate that 2µ∂zw
l ≃ −2µ∂yv
l ∼ µ ≪ |pl |. From
Eqs.(2.10) it then follows that σ lzz ≃−p
l , which may be determined by integrating Eq.(2.14).
2.3. Outer flow
We now turn to an outer liquid flow (of length scale δ ), that is practically cannot be affected by
small variations in εη , and, therefore, Eqs. (2.8) could be mapped to the flat interface, u|z=εη =
u|z=0 +O(ε). Impermeability condition Eq.(2.3) is then reduced to w(y,0) = 0, and Eq.(2.5)
takes the form of a conventional partial slip condition applied at z= 0,
v= b(y)
∂v
∂ z
, (2.15)
with the local slip length described by (2.13).
An outer solution for a flow field with prescribed velocity vη (y) and zero normal velocity can
be found using u(y,z) for a longitudinal configuration (Asmolov & Vinogradova 2012):
v= u+ z
∂u
∂ z
, w=−z
∂u
∂y
, (2.16)
p=−2
∂u
∂y
. (2.17)
Here u satisfies the Laplace equation, ∆u = 0, with the boundary condition u(0,y) = vη (y).
Eqs. (2.16), (2.17) immediately suggest that σzz (0,y) = 2∂zw− p= 0. In other words, the contri-
butions of the pressure and the gradient of normal velocity to the normal stress cancel out. This
implies that the outer flow does not affect the meniscus deformation. Consequently, the meniscus
shape depends on the sign of the pressure gradient in lubricant. When it is positive, the shape will
be as shown in Figs. 1 and 2, i.e. concave at the front groove edge and convex at the rear one.
The equation describing the meniscus shape can be obtained by differentiating Eq.(2.9) with
respect to y. Keeping then only the leading term in ε and using Eq.(2.11) we find that this shape
obeys
η ′′′ =−
6µCa
ε3
vη(y)
(1+η)2
. (2.18)
To solve this differential equation, conditions (2.7) should be imposed.
To summarize, the outer asymptotic problem is reduced to Eq.(2.1) coupled with the equation
for the meniscus shape (2.18) expressed via the local slip length b(y), Eq.(2.13), and interface
velocity vη .
2.4. Limiting cases
In the general case, the inner and outer flows are strongly coupled, and the two-phase problem
should be solved numerically. However, in some limits the system could be simplified, thanks to
a decoupling of these flows.
In the limit of ε/µ ≪ 1, typical for very viscous lubricant and/or extremely thin lubricant
layer, Eq.(2.15) reduces to a no-slip boundary condition, v(y,0)≃ 0. Consequently, an outer flow
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FIGURE 4. (a) Meniscus shape computed at ε = 0.1 and Ca = 0.3. Solid, dashed and dash-dotted curves
show results obtained using µ = 0.02, 0.2 and 1. Bold curve shows calculations from asymptotic Eq.(2.19).
(b) Predictions of Eq.(2.19) for ε = 0.1 and Ca= 0.1, 0.2, 0.3 (dash-dotted, dashed and solid curves).
remains undisturbed by the inner one, and the shear stress in liquid is ∂zv(y,0) ≃ 1. It follows
then from (2.8) that the lubricant shear rate is ∂zv
l(y,0) ≃ µ−1, and the interface velocity, found
from Eq.(2.15), is vη = b(y)∂zv(y,0)≃ ε(1+η)/4µ , i.e. it decreases with µ . From Eq.(2.14) it
follows then that ∂yp
l is finite and does not depend on µ , and Eq.(2.18) reduces to
η ′′′ =−
3Ca
2ε2 (1+η)
. (2.19)
In the opposite limiting case of low lubricant viscosity, ε/µ ≫ 1, the local slip length b(y) is
large provided 1+η(y) remains finite. Thus we might argue that at any deformation a sensible
approximation for a local slip would be b(y)→ ∞ that leads to the interface velocity vPη (y) =
1
4
[
1− (2y− 1)2
]1/2
(Philip 1972). Substituting this to Eq.(2.18) we get
η ′′′ =−
6µCa
ε3
v
p
η(y)
(1+η)2
. (2.20)
3. Results of calculations and discussion
In this section we present some numerical results for a model system formulated above. The
details of our calculations are presented in Appendix A. In Appendix B we present some numer-
ical results justifying the use of the lubrication approximation.
We have first investigated the dynamic meniscus stationary shape, η(y), at fixed ε = 0.1.
Fig. 4(a) shows the numerical results obtained using Ca= 0.3, and several typical viscosity con-
trasts, µ = 0.02 (water/air interface), µ = 0.2 (oil/water), and µ = 1, where liquid and lubricant
are of the same viscosities. Our calculations confirm that the function η(y) is nearly antisymmet-
ric and has two extrema. It takes its minimum value close to the front edge of the groove (region
of concave curvature), and a maximum occurs in the vicinity of the rear edge, where η(y) inverts
its curvature to convex. As predicted and discussed above, this implies that that the depinning oc-
curs at the front edge. The absolute values of extrema decrease with ε/µ , which implies that with
our parameters the meniscus deformation grows with µ . Also included are predictions of asymp-
totic Eq.(2.19), which determines an upper bound on meniscus deformation, attainable for very
small ε/µ . For smaller values of Ca, the maximum possible meniscus deformation decreases as
illustrated in Fig. 4(b). We also note that a larger deflection of the meniscus shape from the flat
one is always accompanied by an increase in θ = pi/2− arctan(εη ′(0)).
As described in Sec. 2, the local curvature of the meniscus is associated with pressure in the
lubricant film, which in turn can be related to the lubricant flow. Fig. 5 plots the lubricant pres-
sure, local slip length b(y) and the interface velocity vη(y) computed with the same parameters
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FIGURE 5. The lubricant pressure (a), local slip length (b), and interface velocity (c) calculated using
ε = 0.1 and Ca = 0.3. Solid, dashed and dash-dotted curves show results for µ = 0.02, 0.2 and 1. Dotted
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FIGURE 6. (a) Critical values of Ca, beyond which the lubricant-infused surfaces collapse, versus ε cal-
culated using Θ = 120◦ and µ = 0.02 (squares), 0.2 (circles), 1 (diamonds). Filled and open symbols are
obtained from Eqs.(2.18) and (B 2), and correspond to the depinning. Dashed curves correspond to a con-
tact of the liquid/lubricant interface with the bottom wall. (b) The same, but for Θ = 110◦ . (c) Critical Ca
at which the depinning occurs as a function of µ calculated for ε = 0.1. Solid curves from top to bottom
show results obtained using Θ = 120◦ and 110◦. Dashed lines plot the corresponding asymptotic values
calculated from Eq.(2.19).
as in Fig. 4(a). We see that pl increases with y, and its (positive) gradient is smaller for larger
ε/µ , that implies that at fixed ε pressure gradient grows with µ . By contrast, both b(y) and vη(y)
increase with ε/µ . The numerical data also show that at large ε/µ the interface velocity remains
close to vPη(y), but for smaller slip lengths it is significantly affected by the deformation of a
lubricant film.
To examine the scenario of a collapse more closely, the critical Ca has been calculated as
a function of ε for several values of µ (taken the same as in Figs. 4 and 5). Specimen results
obtained using Θ = 120◦ and 110◦ that are close to those observed experimentally (Grate et al.
2012; Dubov et al. 2015; Wexler et al. 2015; Jung & Bhushan 2009) are included in Figs. 6(a)
and (b), where we denote by filled symbols in the (Ca,ε) plane the values of Ca, which corre-
spond to θ = Θ. It is well seen that for smaller Θ the depinning should occur at smaller Ca. Note
that these results well agree with calculationsmade using the exact equation for the meniscus cur-
vature (shown by open symbols), confirming the validity of our approximations. As µ increases
the required for a depinning value of Ca reduces, and for sufficiently large µ should approach
the value calculated from Eq.(2.19). The curve for the critical Ca of depinning as a function of
µ , calculated using ε = 0.1, is included in Fig. 6(c). It can be seen that it reduces rapidly at
small viscosity contrast and saturates to a constant value given by Eq.(2.19) already at µ ≥ 1.
We emphasize that at smaller ε our non-linear system has no positive stationary solution when
Ca becomes larger than some critical value. As Ca approaches this value, the local thickness of
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FIGURE 7. (a) Critical Ca/ε2 (solid curve), corresponding to a contact of the meniscus with the bottom
wall, as a function of ε/µ . The solution of Eq.(2.19) is shown by a filled circle. (b) Critical µCa/ε3 (solid
curve) and predictions of Eq.(2.20) that determines the asymptotic slope of critical Ca/ε2 at large ε/µ
(dashed line).
a lubricant film tends to zero, which is accompanied by an infinite growth of the pressure gradi-
ent in the film neck (see Appendix A), but note that θ still remains smaller than Θ. Therefore,
one might argue that for sufficiently small ε the curve of failure of lubricant-infused surfaces
included in Figs. 6(a) and (b) reflects a contact of a deformed meniscus with the bottom wall that
occurs before the value of Θ is reached. It is interesting that the curves corresponding to these
two scenarios of collapse of lubricant-infused surfaces meet smoothly at ε ≃ 0.07 (Θ = 120◦)
and ε ≃ 0.05 (Θ = 110◦) in Figs. 6(a) and (b).
Finally, we recall that b0 is proportional to ε/µ , so that based on Eq.(2.18) one can suggest
that critical Ca/ε2 is a universal scaled capillary number that allows one to evaluate when the
meniscus contacts a bottom and this scenario of a failure of lubricant-infused surfaces occurs.
To illustrate this we plot in Fig. 7(a) the curve separating liquid-infused and collapsed states of
the lubricant-infused surfaces in the (Ca/ε2,ε/µ) plane. The stable configuration corresponds
to an area under the curve, while in the upper region the lubricant-infused surface is never stable.
At ε/µ → 0 we recover a solution of Eq.(2.19). The critical Ca/ε2 increases with ε/µ , and
at sufficiently large ε/µ it grows practically linearly with the slope O(10). This is better seen
in Fig. 7(b), where we reproduced our data in the (µCa/ε3,ε/µ) plane. When ε/µ → ∞, the
solution of Eq.(2.20) becomes exact, but wemight argue that it becomes a sensible approximation
when ε/µ becomes large, i.e. for SH surfaces.
4. Conclusion
We have studied themeniscus deformation in an outer shear flow oriented transverse to lubricant-
infused shallow grooves. It has been shown that the deviations of meniscus shape from the initial
one, are mostly controlled by the inner, pressure-driven, lubricant flow. While such a deforma-
tion practically does not affect the value of the slip length, it could induce the collapse of the
lubricant-infused surface. Whether or not such a collapse should occur depends on the capil-
lary number Ca, lubricant/liquid viscosity ratio µ , and aspect ratio of the groove ε . Our work
has shown that unlike the previously considered case of deep grooves, for shallow grooves the
meniscus deformation increases with µ . The mechanism of the failure of lubricant-infused shal-
low grooves depends, in turn, on the value of ε . We have identified two separate mechanisms of
failure of lubricant-infused state of surfaces. This could happen due to a depinning of the menis-
cus from the front groove edge, when the value of advancing contact angle is reached. However,
in the case of very small ε , the meniscus contacts the bottom wall before such a depinning could
occur.
We have already mentioned the prior numerical work of Ge et al. (2018) who studied deep
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transverse grooves, filled by a lubricant only partly (implying the mobility of the contact line),
and found that the meniscus deformation decreases with µ . One important difference of our re-
sults for shallow transverse grooves with pinned contact lines is that the deformation decreases
upon reducing µ , likewise in the case of deep longitudinal grooves (Wexler et al. 2015; Liu et al.
2016). We are unaware of any reported measurements of failure of transverse LI grooved sur-
faces. It would be very timely to test theoretical predictions for transverse LI grooves by experi-
ments.
Finally, we recall that here an ideal, chemically homogeneous, surface has been assumed.
For such a surface, the advancing liquid contact angle (relative the vertical) is exactly equal
to a (Young) angle Θ. For a chemically heterogeneous material the advancing angle will, of
course, exceed the value of Θ, making the LI surface more stable against depinning. Conversely,
a hypothetic surface of very large Θ, where depinning would be expected at the rear groove edge,
becomes less stable when chemically heterogeneous since the receding angle is smaller than Θ.
This research was partly supported by the Russian Foundation for Basic Research (grant 18-
01-00729) and the Ministry of Science and Higher Education of the Russian Federation.
Appendix A. Numerical method
The asymptotic equations (2.19) and (2.20) are solved using Runge-Kutta procedure and New-
ton method to satisfy boundary conditions (2.7). In general case ε/µ = O(1), Eqs. (2.1), (2.15)
and (2.18) are coupled and we use an iteration scheme, starting from some initial guess. Once the
meniscus shape on k-th iteration is known, we solve the Stokes equations in liquid Eq.(2.1) with
the local slip length bk(y) = b0[1+η
k(y)]. We calculate the outer flow for periodical grooves
(Nizkaya et al. 2013) and expand the solution into Fourier series on a computational domain
with a period L= 5δ (where the solution is no longer dependent on L). The local slip boundary
conditions are satisfied using collocation method. The computed interface velocity vkη(y) is then
substituted into the right-hand side of Eq.(2.18) to obtain the next iteration:
∂ 3ηk+1
∂y3
=
6µCa
ε3
vkη (y)
(1+ηk)2
. (A 1)
The meniscus shape is also sought in terms of Fourier series,
η(y) = A+B(1− y)y+
N f
∑
n=1
[an cos(kny)+ bn sin(kny)] , (A 2)
where kn = 2pin and A,B,an,bn are a set of 2N f + 2 unknown coefficients. To obtain the co-
efficients an,bn we substitute (A 2) into (2.18) and solve the resulting system of linear equa-
tions using the collocation method. Constants A and B are then found from the conditions (2.7):
A=−∑an, B=−6(A+ 1).
If ε is very small, the solution becomes singular when Ca approaches some critical value,
which is also quite small. Namely, the smallest local thickness of a lubricant film tends to zero,
and simultaneously the pressure gradient diverges. This is illustrated in Fig. 8. We see that the
smallest thickness of the lubricant film slightly decreases with the small increase in Ca/ε2, but
the third derivative of η(y), which reflects the growth of pressure gradient in the lubricant neck,
changes significantly. Beyond some critical Ca, the solution of positive film thickness does not
exist, and our numerical scheme fails to converge.
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FIGURE 8. (a) Meniscus shape, (b) its first and (c) third derivatives calculated using ε/µ ≪ 1 and
Ca/ε2 = 41.3, 42.3, 43.3 (dotted, dashed and solid lines).
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FIGURE 9. Lubricant velocity field computed using ε = 0.1 and µ = 0.2.
Appendix B. Validation of the model based on a lubrication approximation
In our asymptotic model we describe the flow inside the groove using the lubrication theory.
It is of considerable interest to determine its accuracy and the range of validity for our configu-
ration.
To validate this approach, here we first present some exact results for a two-phase system
with a flat meniscus. Our numerical calculations are based on the method developed by Ng et al.
(2010); Nizkaya et al. (2014). Fig. 9 shows the lubricant velocity field computed using ε = 0.1
and µ = 0.2. We see that the velocity field far from the side texture wall is unidirectional, with a
parabolic profile of zero mean flux, confirming all the features described by Eq.(2.11). However,
in the vicinity of the side wall there is a discernible vertical velocity component, indicating that
a simple lubrication model can only be considered as a first approximation.
To examine a significance of these deviations from the lubrication model more closely, in Fig.
10(a) we compare the exact numerical results for a velocity at the flat liquid/lubricant interface
with predictions of our asymptotic model, i.e. with the solution of (2.18) obtained using η = 0.
The agreement is quite good, but at y→ 1 there is some discrepancy, and the lubrication theory
slightly overestimates the interface velocity.We have also calculated streamwise velocity profiles
in a lubricant. Results for cross-sections y= 0.75 and y= 0.95 are plotted in Fig. 10(b). The exact
velocity profiles fully coincide with the lubrication model when y = 0.75, but close to the side
texture wall, y= 0.95, we again observe some deviations of the lubrication theory data from the
exact results. Nevertheless, the calculations demonstrate that this discrepancy is small.
Another possible source of inaccuracy of the lubrication model is the use of the first-order
approximation for the interface curvature, κ ≃ εη ′′, in Eq.(2.9), instead of an exact equation for
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FIGURE 10. (a) Velocity at the interface of a flat meniscus and (b) inner velocity profiles at cross-sections
y= 0.75 and 0.95 calculated for ε = 0.1 and µ = 0.2. Solid curves show the exact solutions, dashed curves
plot results of the lubrication theory.
the curvature,
κ =
εη ′′
(1+ ε2η ′2)3/2
. (B 1)
Eq.(2.18) governing the meniscus shape can be rewritten using (B 1) as[
η ′′
(1+ ε2η ′2)3/2
]′
=−
6µCa
ε3
vη(y)
(1+η)2
. (B 2)
In Section 3, we compare the numerical solutions of Eqs.(2.18) and (B 2) for several µ (see
Fig. 6(a) and (b)), and show that they are very close. This implies that εη ′ always remains small
and can safely be neglected.
REFERENCES
ASMOLOV, E. S., NIZKAYA, T. V. & VINOGRADOVA, O. I. 2018 Enhanced slip properties of lubricant-
infused grooves. Phys. Rev. E 98, 033103.
ASMOLOV, E. S. & VINOGRADOVA, O. I. 2012 Effective slip boundary conditions for arbitrary one-
dimensional surfaces. J. Fluid Mech. 706, 108.
BICO, J., THIELE, U. & QUERE, D. 2002 Wetting of textured surfaces. Colloids Surfaces A 206, 41–46.
BORKENT, B., DAMMLER, S., SCHONHERR, H., VANSCO, G. & LOHSE, D. 2007 Superstability of sur-
face nanobubbles. Phys. Rev. Lett. 98, 204502.
COTTIN-BIZONNE, C., BARENTIN, C., CHARLAIX, E., BOCQUET, L. & BARRAT, J. L. 2004 Dynam-
ics of simple liquids at heterogeneous surfaces: Molecular-dynamics simulations and hydrodynamic
description. Eur. Phys. J. E 15, 489–499.
DOUMENC, F. & GUERRIER, B. 2013 Self-patterning induced by a solutal Marangoni effect in a receding
drying meniscus. Europhys. Let. 103 (1), 14001.
DUBOV, A. L., MOURRAN, A., MO¨LLER, M. & VINOGRADOVA, O. I. 2015 Regimes of wetting transi-
tions on superhydrophobic textures conditioned by energy of receding contact lines. Appl. Phys. Lett.
106, 241601.
DUBOV, A. L, NIZKAYA, T V, ASMOLOV, E S & VINOGRADOVA, O I 2018 Boundary conditions at the
gas sectors of superhydrophobic grooves. Phys. Rev. Fluids 3 (1), 014002.
EPSTEIN, A. K., WONG, T. S., BELISLE, R. A., BOGGS, E. M. & AIZENBERG, J. 2012 Liquid-infused
structured surfaces with exceptional anti-biofouling performance. PNAS 109, 13182–13187.
GAO, P. & FENG, J. J. 2009 Enhanced slip on a patterned substrate due to depinning of contact line. Phys.
Fluids 21, 102102.
GE, Z., HOLMGREN, H., KRONBICHLER, M., BRANDT, L. & KREISS, G. 2018 Effective slip over par-
tially filled microcavities and its possible failure. Phys. Rev. Fluids 3 (5), 054201.
GRATE, J. W., DEHOFF, K. J., WARNER, M. G., PITTMAN, J. W., WIETSMA, T. W., ZHANG, C. &
OOSTROM, M. 2012 Correlation of oil–water and air–water contact angles of diverse silanized sur-
faces and relationship to fluid interfacial tensions. Langmuir 28 (18), 7182–7188.
Flow-driven collapse of lubricant-infused surfaces 13
HERMINGHAUS, S., BRINKMANN, M. & SEEMANN, R. 2008 Wetting and dewetting of complex surface
geometries. Annu. Rev. Mater. Res. 38, 101–121.
HYVA¨LUOMA, J. & HARTING, J. 2008 Slip flow over structured surfaces with entrapped microbubbles.
Phys. Rev. Lett. 100, 246001.
JUNG, Y. C. & BHUSHAN, B. 2009 Wetting behavior of water and oil droplets in three-phase interfaces
for hydrophobicity/philicity and oleophobicity/philicity. Langmuir 25 (24), 14165–14173.
KARATAY, E., HAASE, A. S., VISSER, C. W., SUN, C., LOHSE, D., TSAI, P. A. & LAMMERTINK, R.
G. H. 2013 Control of slippage with tunable bubble mattresses. PNAS 110, 8422–8426.
KEISER, A., KEISER, L., CLANET, C. & QUERE, D. 2017 Drop friction on liquid-infused materials. Soft
Matter 13, 6981–6987.
KIM, P., WONG, T. S., ALVARENGA, J., KREDER, M. J., ADORNO-MARTINEZ, W. E. & AIZENBERG,
J. 2012 Liquid-infused nanostructured surfaces with extreme anti-ice and anti-frost performance. ACS
Nano 6, 6569–6577.
LIU, Y., WEXLER, J. S., SCHO¨NECKER, C. & STONE, H. A. 2016 Effect of viscosity ratio on the shear-
driven failure of liquid-infused surfaces. Phys. Rev. Fluids 1, 074003.
MAYNES, D., JEFFS, K., WOOLFORD, B. & WEBB, B. W. 2007 Laminar flow in a microchannel with hy-
drophobic surface patterned microribs oriented parallel to the flow direction. Phys. Fluids 19, 093603.
MIKSIS, M. J. & DAVIS, S. H. 1994 Slip over rough and coated surfaces. J. Fluid Mech. 173, 125–139.
NG, C. O., CHU, H. C. W. & WANG, C. Y. 2010 On the effects of liquid-gas interfacial shear on slip flow
through a parallel-plate channel with superhydrophobic grooved walls. Phys. Fluids 22, 102002.
NIZKAYA, T. V., ASMOLOV, E. S. & VINOGRADOVA, O. I. 2013 Flow in channels with superhydrophobic
trapezoidal textures. Soft Matter 9, 11671–11679.
NIZKAYA, T. V., ASMOLOV, E. S. & VINOGRADOVA, O. I. 2014 Gas cushion model and hydrodynamic
boundary conditions for superhydrophobic textures. Phys. Rev. E 90, 043017.
PHILIP, J. R. 1972 Flows satisfying mixed no-slip and no-shear conditions. J. Appl. Math. Phys. 23, 353–
372.
QUERE, D. 2008 Wetting and roughness. Annu. Rev. Mater. Res. 38, 71–99.
REYSSAT, M., YEOMANS, J. M. & QUERE, D. 2007 Impalement of fakir drops. Europhys. Lett. 81 (2),
26006.
SBRAGAGLIA, M. & PROSPERETTI, A. 2007 A note on the effective slip properties for microchannel flows
with ultrahydrophobic surfaces. Phys. Fluids 19, 043603.
SOLOMON, B. R., KHALIL, K. S. & VARANASI, K. K. 2014 Drag reduction using lubricant-impregnated
surfaces in viscous laminar flow. Langmuir 30, 10970–10976.
TEO, S. J. & KHOO, B. C. 2010 Flow past superhydrophobic surfaces containing longitudinal grooves:
effects of interface curvature. Microfluid. Nanofluid. 9, 499–511.
VINOGRADOVA, O. I. 1995 Drainage of a thin liquid film confined between hydrophobic surfaces. Lang-
muir 11, 2213–2220.
VINOGRADOVA, O. I. & BELYAEV, A. V. 2011Wetting, roughness and flow boundary conditions. J. Phys.:
Condens. Matter 23, 184104.
VINOGRADOVA, O. I., BUNKIN, N. F., CHURAEV, N. V., KISELEVA, O. A., LOBEYEV, A. V. & NIN-
HAM, B. W. 1995 Submicrocavity structure of water between hydrophobic and hydrophilic walls as
revealed by optical cavitation. J. Colloid Interface Sci. 173, 443–447.
VINOGRADOVA, O. I. & DUBOV, A. L. 2012 Superhydrophobic textures for microfluidics. Mendeleev
Commun. 19, 229–237.
WEXLER, J. S., JACOBI, J. & STONE, H. A. 2015 Shear-driven failure of liquid-infused surfaces. Phys.
Rev. Lett. 114, 168301.
WONG, T. S., KANG, S. H., TANG, S. K. Y., SMYTHE, E. J., HATTON, B. D., GRINTHAL, A. &
AIZENBERG, J. 2011 Bioinspired self-repairing slippery surfaces with pressure-stable omniphobicity.
Nature 477, 443–447.
XUE, Y., LV, P., LIU, Y., SHI, Y., LIN, H. & DUAN, H. 2015 Morphology of gas cavities on patterned
hydrophobic surfaces under reduced pressure. Phys. Fluids 27 (9), 092003.
YAKUBOV, G. E., VINOGRADOVA, O. I. & BUTT, H.-J. 2000 Contact angles on hydrophobic microparti-
cles at water–air and water–hexadecane interfaces. J Adhes Sci Technol 14 (14), 1783–1799.
YBERT, C., BARENTIN, C., COTTIN-BIZONNE, C., JOSEPH, P. & BOCQUET, L. 2007 Achieving large
slip with superhydrophobic surfaces: Scaling laws for generic geometries. Phys. Fluids 19, 123601.
